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Abstract

it

Let G be bipartite graph with V vertices and E edgesopblbgical space X is a topologized graph if
satisfies the following conditions:

» Every singleton is open or closed.
» Vx€X,|0(x)I|< 2, whered(x) is a boundary of x.

Here the topology is defined on the graph, since the space Xusithe of vertices and edges. This wark
is extended from topologized graph to star graph<£@¥rBistar, Bipartite graph, Tree, complete bipartite
graph.
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1 Introduction

In this paper we discussed about topologized graphs referfeddime Vella [1]. In 2005 Antoine Vella [1]
tried to express combinatorial concepts in topological languAgea part the investigation classical
topology, pre path, path [2], pre cycle, compact spacee space and bond space [3], locally connectedness
and ferns were defined. Given a hypergraph H [4], thssital topology dn; U Ej; is the collection of all
sets U such that, if U contains a vertex v, then it etsdains all hyperedges incident with v. It is interegtin

to note that all these topologies are either defined ondghex/set, or on the union of vertex set and edge
set. For Topological graph theory, more important @pfibn can be found in printing electronic circuits
where the aim is to print (embed) a circuit on a circo#r without two connections crossing each other
and resulting in a short circuit. And the Bipartite graphes extensively used in modern coding theory,
especially to decode codewords received from the charaetor graphs and Tanner graphs are examples of
this. A Tanner graph is a bipartite graph in which theiceston one side of the bipartition represent digits
of a codeword, and the vertices on the other side ragresmbinations of digits that are expected to sum to
zero in a codeword without errors [5]. In this paper we hgmied and verified some new methods of
topology for bipartite graphs.

All graphs are finite, simple, undirected graphs with nop# and multiple edges and planar. Every

topological space considered here are finite. And the topatodgfined on the set X which is the union of
vertices (V) and edges (E) of the graph G.

2 Preliminaries

2.1 Definition: [6]
A topology on a set X is a collectioh of a subset of X with the following properties:

i. @andXareid

i. The union of the element of any sub collection®f isin T (arbitrary union).
iii. The intersection of the element of any finite sub cdlbbecof 7 isin’.

The set X for which a topolog¥ has been specified is called a topological space.
2.2 Definition: [1]
A topologized graph is a topological space X such that

» Every singleton is open or closed.
> O x0OX, | 0(x)|<2. sinced(x) is denoted by the boundary of a point x

2.3 Definition: [4]

A hyperedge of a topological space is a point which open huiosed. A hyperedge of a topological space
is an edge if its boundary consists of at most two pofisedge of a topological space is a loop if it has
precisely one boundary point, proper edge otherwise.

2.4 Definition: [7]

A graph G is called a bigraph or bipartite graph iEdh be partitioned into two disjoint subsets V and W
such that every line of G joins a point of V to a point(M/. W) is called a bipartition of G.
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2.5 Theorem: [8,9]:

If G is a bipartite graph if and only if it contains oelyen cycle.
2.6 Proposition: [10]

Every tree is a bipartite graph

2.7 Definition: [11]

A graph G is called complete bipartite if G containerguine joining the points of V to the point of W. If V
contains m points and W contains n points then the completpbi@ is denoted b, ,,.

2.8 Definition: [7,12]

The graph K, is a star graph. It is the graph with n+1 verticesertéex of degree n is called the apex and n
pendant vertices.

2.9: Definition:
Bistar is the graph obtained by joining the apex verticéwmfcopies of star K,

3 Main Results

Theorem 3.1: Ky,, is a topologized graph (for 0<B)

Proof: Let K, ,be a star graph. Let (X,) be a topological space with the topology defined tyy E. DV

WEeV. Let V be the centre of K, and w, w,, ...,W, as its pendent vertices. V can be bipartite intoyever
vertices of w, Wy, ...,W.

Let n=1 for | X | =3 since two vertices and one edge. Clearly fot alk, | d(x)|<2and every g X is
closed (or) open. Since {x} is closed then any poi@Ky{x} is open. The set E of points whichare not
closed is open, and its complement V is closed.

Therefore K ,is a topologized graph.

Let n=2 for | X | =5 since three vertices and two edges. Every singlstopén (or) closed’he boundary of
all vertices and edges are at most two.

Therefore K, ,is a topologized graph.
Hence K, , is a topologized graph. (for 0<B)

Example3.1.1
Let Ky, 1 be a star graph.

Vi L @ W1
21

K1.1 Topologized graph
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Llv, wev.v= fviy; W=fwi) E=fesd;
Let v;, w; denote the vertices, angthe edges labeled so thafd;) = {vi, wi}

Let X={v,, e, w,} be a topological space with the topology defined on

T={x, @ {vi}{w } {v 1, wi} {v 1, &}
For every {x} € Xis open or closed. Here the singleton vertices df f 1} is closed.

vxeX, | 0(x) | <2

0(v1)={w;} sothat, we have| 0 (v;) | =1;
0 (e1)= {v1, wi} so that, we have 0 (e) |=2;
0 (wy) = {w,} so that, we have | 0 (wy) | =1;

The boundary of every vertices and edges is at most two.
K1, 1is topologized graph.
Theorem: 3.2: Bistar is not a topologized graph.

Proof: Let B, , be a Bistar. Let (XI') be a topological space with the topology defined By E. Every
singleton is open or closed. But the boundary of vertiseggeater than two. Hence it is not topologized
graph.

Example 3.2.1: Let B, ,)is a bistar graph

Wz

Bizz non topologized

DV, WEeV. V= {v,Vo,v3} ; W= {w ,w,o,w3}; E={e1,6,65,64,65}

Let vy, V5, V3, Wy, Wy, W3 denote the vertices angd &, e;,e,, & the edges labeled so that

fo(e) ={ve, wif; fo(e) ={wy, Vo fo(es) = {wa, val; fo(es) = {va, wal; fo(es) = {vi, wa};

Let X ={v, Vo, V3 W3 W, W3 & & €3, &, &} be a topological space with the topology defined on =
X, @, {edfe e r v ew,eVoevs)

{Ws,65,v1,8,Wo, &0} {V 1,81V 1,€1,W2,6,€4,65,Wa}.{V 1,€1,65}

Here for every {x}€ Xis open or closed.

vxeX, |0 | <2
| O(v)) |={wy, wa W} =3; | O(Va) | = {wy} =1;
| 0 (va) | = {wa} =1; | O(wy) | ={vi, o, v} =3;
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| O(wa) | ={vi} =1, | O(ws) |={vi} =1
|0 | =fvaw} =2, |0(e) | ={w, v} =2
|0()| =fwi v =2 |0(e) | ={viw} =2
|0(e)| =fvawi} =2

The boundary of vertices {§ and {w.} is three. Therefore B ) is not satisfied the boundary condition.
Hence B, is not topologized.

Theorem: 3.4: Every bipartite graph is topologized if degree of everyexeis at most two.

Proof: Let G be a bipartite graph. Let (X7) be a topological space topology defined byJ\E. G is a
bipartite graph in which each vertex has degree at mastTherefore, the boundary of every vertices and
edges must be less than three. And every singleton isapeosed. Hence, G is a topologized graph.

Example: 3.4.1: Let Biy,, » be a bipartite graph.

Bijz z topologized graph

OV, WeV. V={vy, v}; W={wy, wy}; E={e;, &}

Let v, v, Wy, W, denote the vertices ang & the edges labeled so thatd;) = {vi, w,};
fo(er) = {va, wi}

Let X ={v;, W, Wy, Wy, &, &} be a topological space with the topology defined on
r={X, @ {ed{es} V1, & Whivs & wih{er e}iv,e,uw e}
{\éleZleel}!{V 1le1}1{v 1161762}1{V 1,e1,V2,e2,W1}}

Here for every {x}€ Xis open or closed.

|00 | =fws} =1, |0(w) | ={w} =1
[Owy)| ={vs} =1;|0(wp)| ={vi} =1
[0(e)| ={va, W} =2; | O(e)|={va Wi} =2;

The boundary of every vertices and edges are at most two.
Hence By, ) bipartite graph is topologized graph.

Corollary: 3.4.2: Every tree is a bipartite graph. Then tree is topologigzagh.

Proof: Let (X,T) be a topological space with the topology defined Hy E. We know every tree is a
bipartite graph. Since, a connected acyclic graph is caed & is a tree in which each vertex has degree at
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most two. Therefore, the boundary of every vertices agesthust be at most two. And every singleton is
open or closed. Hence, G is a topologized graph

Example: 3.4.3: Let G be a tree. Then it is a topologized if degreevefyevertex is at most two.
Wy

(=1

WAy

WS

Tree topologized graph

UV, WeV.V={vy, v} W={wy,w,} E={e} &, &}
Let v, Vo, Wy, W, denote the vertices ang &, e the edges labeled so that
fa(e) = {vi, wi}; fo(e) = {va, wi};f o(es) = {v2, Wy} the topology defined on

Let X = {vy, Vo, Wi, W, €, &, &,} be a topological space with the topology defined on

T —{X, @Av AV 14w 188, Vo1 {V 2,6, Woh{V 2, Wl {V 1,V2}

{VlvVZ}!{v lvwllelveZvVZ}'y{V lvVZIQSVWZ}!{V 17V27W2}1{V 21e37W27W17e1162}
{leelleZlVZIWZ}!{v 17V21W2}1{V llWllelleZlVZIWZ}y{W 17W21e17627V2163}
{Vlv Wll Q.l eZv V21 WZ}! {W 1s ell eZv VZ}}

Here for every {x}€ Xis open or closed.

vxeX, | 0(x) | <2

| O | =qw} =1 | 0| =fwy, wi}=2;
[Owy) | ={viva} =2; | O0(wp) | ={va} =1,
| 9(e) | ={vaw}=2; |0(e) | ={vo Wi} =2;
| 0(ey) | = {vawa}=2;

Therefore, the boundary of every vertices and edges aresatwo. Hence tree is a topologized graph.

Theorem: 3.5: Bipartite graphs contains all the cycles are topokxdjiz

Proof: Let G be a bipartite graph. Let (R) be a topological space with the topology defined ty E.[

V, W €V. Cleary, Every bipartite graph contains only even cyitles also known as regular. The cycle of
every singleton is open or closed. The boundary of every poiat most two. Therefore bipartite graph
contains all the cycles are topologized.

Example: 3.5.1: Let Big, 4)be a bipartite graph.
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Bigz.4) bipartite graph
OV, WeV. V={vy, vz, vi} W= {wy, W, Ws, Wa} E={es, &, &, &, &, &, &, &}

Let vi, Vo v3 W3,W, W3 W, denote the vertices and, &, ey, &, &, &, athe edges labeled so tha(d;) =
{vi, Wi}, fe(er) = {vi, Wabs fa(s) = {va, wa}; fo(es) = {vo, wikifa(es) = {va, wali  fo(es) = {va, W}, fo(er)
= {v3, Wa}; f(€g) = {Va, Wa};

X = {V1, Vo, V3, Wy Wy W3 Wy, € & €, €, &, &, €, &}

Ci topologized graph

Let C, ={vy, e, Wi, &, Vo, &, Wy, 6, Va, &, W», &, Vi} be a topological space with the topology defined on
r = {xl ¢7l {el}r{e 2},{V 1s e.Ll Wi, le Va, Q‘,, W4}y {eg,V3, %v Wa, eZ}

{es V3, Wo, &, &}, {V1, &, Wy, &, V5, &, Wy, &}, {€1, &}
Here for every {x}€ Xis open or closed.

O xOX, | 9(x)]|=<2.

|a(V1) | = {wy, Wy} = 2; | (V) | ={w, Wy} = 2 | 0 (va) | ={ws Wi} =2;
| O(wy) | ={vi, v} =2, |O(wo) | ={vivi} =2; | O(ws) |={va v} =2;
| Oen) | =fve, wi} =2, |0(e) | =fve, W} =2; | O(ey) |= fvo, Wi} =2;
| Oes) | ={vo, W} =2; | O(eo) | =fva W} =2; | O(es) | ={va Wi} =2;

Therefore the boundary of every vertices and edges is attwmst
Hence B, 4) contains the cycle { s topologized graph.

Similarly, Big, 4) contains the cyclesAC;,Ca,Cs,Cg,C7,Cg,Co,Ci0,Cy1 are topologized graph

Theorem: 3.6: K, yis not a topologized graph (for nz3)
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Proof: Let K, » be a complete bipartite graph. Let {¥,be a topological space with the topology defined
by VU E.L v, wev.

Let m=1 and n=1 for| X | =3 since two vertices and one edge. Every singleton is clasgdgen. The
boundary of the vertices is two and the boundary of the isdgee. Therefore K;is a topologized graph.

Let m=2 and n=2 f0|1 X | = 8, since four vertices and four edges. Every singlet@pen (or) closed. The
boundary of the vertices and edges is two. Therefgrgia topologized graph.

Let m=3 and n=3 for| X |:15, since six vertices and nine edges. Every singlist@pen (or) closed. The
boundary of every vertex is three and the edge is twgi&not satisfied the boundary condition because
the boundary of every vertices is less than three. Ther&fpeés not topologized. Clearly, if the complete
bipartite is not topologized for m>8

Hence K, » is a not topologized graph. (for re3)

Example: 3.6.1: Let be K, sa complete bipartite graph.

K 4. 5s non topoogized graph

UV, W EeV.V={Vvy, Va, V3, Va}; W= {W 1, W, W3, W, We};
E={e, & &, &, &, &, €&, &, &, €, &1, 82 €3, €14, 65 6 €17, Qs 1o, B0}

Let vi, Vo, V3, Vig,Wy, Wy, W3, Wy,Ws denote the vertices and, &, &, &, &, &, €, &, &, €, €1, &2 €3, €4
€15, €6 @7, €18 G0, &othe edges labelled so that

fo(er) = {vi, wilifo(€)= {vi, Wo}; Ta(es) = {vi, Wa}; Ta(es) = {vi, Wa}; To(es) = {v1, Wshifa(€s) = {vo, Wi}
fa(er) = {va, Wohf o(€s) = {Va2, Wa}; Te(€) = {vo, Wakif g(€10) = {v2, We}; fe(€r)= {va, Wi}; fo(er) = {vs, Wa};
fo(ers) = {va, Wakif(ers) = {vs, Wa}; f(€1s) = {va, Ws}; fa(€re) = {Va, Wa}; T(€17) = {Va, Wakif c(€1e) = {Va,
Wshif g(€10) = {Va, Wakf a(€20) = {Va, Ws};

Let X = {vi, Vo, V3, V4, Wi, Wo, W3, Ws,Ws €1, &, €3, €&, &, €&, €, &, &, o, €11, €12 €13, €14, 615,616, €17, g, Blg,
e} be a topological space with the topology defined on

T —{X, @, {1}V 1,61, W1,6,65,€4,85, W1, Wo, W3, Ws,We} {€ 17},

{Vlve_l.l WlleZl%le41651W11W27W37W41W51617}1{e 1 e17}
{V27%1e7lQ3ve:)vel01V3le.l.lle.|.21e137e14vel51v41e.l.Glel7le18velgveZO}

{V 2,65,€7,65,6,€10,V3,€11,€12,€13,€14,€15,V4,€16,€17,€18,€10,€0,€1}}
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Here for every {x}€ Xis open or closed.
vx€X, | 0(x) | <2

| 0 (va) | = {wywa wa, wy wis} =5; | 0(V2) | = {wy wy, Wa, Wy Ws} =5;
| 0 (vs) | = {wi wa, W, w, ws} =5; | 0 (va) | = {wi wa, ws, Wy ws} =5
|OW)) | ={vivo va v} =4; |OW2) | ={vivy va v} =4;
|OWs) | ={vivova v} =4; |OWa) | ={vivyva v} =4

| OWs) | ={vivy va v} =4

| 0(e) | ={va, wi} =2

Similarly the boundary of all edgeses, €, &, &, €, &, &, €, €11, €12, €13 €14, €15, €6 €17, €15, Elo, €0 IS
two. Therefore, the boundary of every edge is two butcesrigreater than two. so the boundary condition is
not satisfied. Hence & complete bipartite graphs is not a topologized graph

4 Conclusion

The above results we discussed about some new resultpastitbigraph. We have applied and verified a
new methods topologized graph for star graph for@ynbipartite graphs, tree. Further the work is
extended to matching and coloring of a bipartite graph.
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