British Journal of Mathematics & Computer Science

5(2): 204-227, 2015, Article no.BJMCS.2015.015
ISSN: 2231-0851

SCIENCEDOMAIN international

www.sciencedomain.org

SCIENCEDOMAIN

Preliminary Test Stochastic Restricted r-k Class
Estimator and Preliminary Test Stochastic Restricted r-d
Class Estimator in Linear Regression Model

Sivarajah Arumairajanl’z* and Pushpakanthie Wijekoon3

! Postgraduate Institute of Science, University of Peradeniya, Sri Lanka.
2Department of Mathematics and Statistics, University of Jaffna, Sri Lanka.
‘?Department of Statistics and Computer Science, University of Peradeniya, Sri Lanka.

Article Information

DOI: 10.9734/BJMCS/2015/13781

Editor(s):

(1) Dariusz Jacek Jakébezak, Technical University of Koszalin, Poland.

Reviewers:

(1) Anonymous, Institute of Business, Management Karachi, Pakistan.

(2) Anonymous, Chongqing University of Arts and Sciences, China.

Complete Peer review History: http://www.sciencedomain.org/review-history.php?iid=726&id=6&aid=6705

Received: 03 September 2014

. . Accepted: 04 October 2014
| Original Research Article | Published: 29 October 2014

Abstract

In this study two new preliminary test stochastic restricted estimators, a Preliminary Test
stochastic restricted r-k class estimator and a Preliminary Test stochastic restricted r-d class
estimator, are proposed. The comparison of one estimator over the other is done in the mean
square error matrix sense. Further preliminary test stochastic restricted r-k class estimator is
compared with r-k class estimator [1] and stochastic restricted r-k class estimator [2]. Similarly
preliminary test stochastic restricted r-d class estimator is compared with r-d class estimator [3]
and stochastic restricted r-d class estimator [2]. Finally a numerical example and a Monte Carlo
simulation study are done to illustrate the theoretical findings of the proposed estimators.
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1 Introduction

Instead of using the Ordinary Least Square Estimator (OLSE), the biased estimators are
considered in the regression analysis in the presence of multicollinearity. Some of these are
namely the Principal Component Regression Estimator (PCRE) [4], Ridge Estimator (RE) [5], Liu
Estimator (LE) [6], r-k class estimator [1], Almost Unbiased Ridge Estimator (AURE) [7],
Almost Unbiased Liu Estimator (AULE) [8] and the r-d class estimator [3]. An alternative
method to deal with multicollinearity problem is to consider parameter estimation with some
restrictions on the unknown parameters, which may be exact or stochastic restrictions. In the
presence of stochastic prior information in addition to the sample information, [9] proposed the
Mixed Estimator (ME). By replacing OLSE by ME in the RE, LE, AURE and AULE respectively,
the Stochastic Mixed Ridge Estimator (SMRE) [10], Stochastic Restricted Liu Estimator (SRLE)
[11], Stochastic Restricted Almost Unbiased Ridge Estimator (SRAURE) [12] and Stochastic
Restricted Almost Unbiased Liu Estimator (SRAULE) [12] are introduced. Recently, [2] proposed
a new stochastic restricted r-k class estimator which is defined by combing the ME and r-k class
estimator and a new stochastic restricted r-d class estimator which is defined by combing the ME
and r-d class estimator.

When different estimators are available to estimate the unknown parameter, preliminary test
estimation procedure is adopted to select a suitable estimator, and it can be also used as another
estimator with combining properties of both estimators. The preliminary test approach was first
proposed by [13], and then has been studied by many researchers, such as [14,15,16]. By
combining OLSE and ME, the Ordinary Stochastic Preliminary Test Estimator (OSPE) was
proposed by [15]. Recently, [16] introduced the Preliminary Test Stochastic Restricted Liu
Estimator (PTSRLE) by combining the Stochastic Restricted Liu Estimator and Liu Estimator.

In this study, we propose a new Preliminary Test stochastic restricted -k class estimator which is
defined by combing the r-k class estimator and stochastic restricted -k class estimator and a new
Preliminary Test stochastic restricted r-d class estimator which is defined by combing the r-d
class estimator and stochastic restricted r-d class estimator. Further the proposed estimators are
compared with some biased estimators in the mean square error matrix sense. Also Preliminary
Test stochastic restricted r-d class estimator is compared with Preliminary Test stochastic
restricted r-k class estimator. Finally a numerical example and a Monte Carlo simulation study are
done to illustrate the theoretical findings of the proposed estimators.

2 Model Specification and Estimators
First we consider the multiple linear regression model

Y=XpB+¢e e~N(0,01). 2.1)

where Y is an 7 X1 observable random vector, X is an 1 X p known design matrix of rank p ,

B isa p X1 vector of unknown parameters and € is an 72X | vector of disturbances.
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In addition to sample model (2.1), let us be given some prior information about /3 in the form of a

set of m independent stochastic linear restrictions as follows;
r=RB+5+v.v~N(0,0°Q) 2.2)

where ris an m X 1stochastic known vector R is a m X p of full row rank m < p with known

elements, O is non zero m X 1 unknown vector and D is an m X | random vector of disturbances
and  is assumed to be known and positive definite. Further it is assumed that O is

stochastically independent of €. i.e. E (81)’) =0.

The Ordinary Least Squares Estimator (OLSE) for the model (2.1) and the mixed estimator [9]
due to a stochastic prior restriction (2.2) are given by

A A A , Al A
B=ST"'X'Y and f,=p+S'R (Q+RS‘R) (r—R,B) (2.3)
respectively. where S = X' X .
The expectation vector, and the mean square error matrix of ﬁ are given as E ( B) = ff and

MSE (ﬁA) =075 respectively.

The expectation vector, dispersion matrix, and the mean square error matrix of Bm
aregivenasE(ﬁm)=ﬂ+H5, D(Bm) =0°S"'-0°G and
MSE (ﬁAm) =0 (S_l — G) + H 80 H’ respectively, where,

G=S"R(Q+RS"'R) RS".H=5"R(Q+RS"R) and 5= E(r)-Rp.

When different estimators are available for the same parameter vector /3 in the linear regression

model one must solve the problem of their comparison. Usually as a simultaneous measure of
covariance and bias, the mean square error matrix is used, and is defined by

ws(h.p)= | (B-5)( -5 |=p(8) 5(8)(3). "

where D( B )is the dispersion matrix, and B ( B ) =FE ( B ) — [ denotes the bias vector. We

recall that the Scalar Mean Square Error SMSE (,B, ,B) =trace [MSE (,B, ,B)} .
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For two given estimators [, and f3,, the estimator /3, is said to be superior to /3, under the
MSEM criterion if and only if

M (B,.B,)=MSE(B. B)- MSE(B,.8)>0. 2.5)

Let us now turn to the question of the statistical evaluation of the compatibility of sample and
stochastic information. The classical procedures is to test the hypothesis

HOZ§=0 against H, : 0 #0 (2.6)
under linear model (2.1) and stochastic prior information (2.2).

The Ordinary Stochastic Pre Test Estimator (OSPE) of ﬁ [15] is defined as

. B if H,:6=0
IBOSPE = I‘im . 0 2.7
B if H:0%0

Further, we can write (2.7) as

IBOSPE = :Bml[oﬁwp @) (F) + ;BI[FWP(,Z),M) (F) > (2.8)

n

(r- RﬁA)I (Q+RS"R)" (r-RA)

A2
mo

where, F = (2.9)

which has a non-central F, . distribution under H, : 0 # 0, with non-centrality parameter

§(Q+RS'R) 'S
A= - with 6% = , (2.10)
20 n—p

and [, (F ) and [ (F ) are indicator functions which take the value one if
(@) [ Fnonep (@0),50)

[O,F

mn—p

F falls in the subscripted interval, and zero otherwise. F ((Z ) is the upper - level critical

m,n—p

value from the central F distribution F, 20"

The expectation vector, dispersion matrix, and the mean square error matrix of ﬂOSPE are derived
by [15], and given by
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E(Byspe)=B+h, (2)HS. @.11)

D(Bosps ) =078 =07, (2)G+[ 20, (2)—hy, (4)- 1} (2) [HOSH',  (212)

and
MSE(Bosp ) = 0°S ™ = 0°h, (2) G + (20, (2)— h, (4)) HSS'H’ 2.13)
respectively, where, 1, (¢)=Pr Z:'; T Py (@) for /e N.
Kop n—p
Now we consider the transformation for model (2.1):
y=XIT' f+e=Za+¢ (2.14)

where Z = XT.@=T'f and T =(t,.1,,...1,)=(

o4, ,)is a pX p orthogonal matrix

such that

where0 <k < p,T, =(l‘1,l‘2,...,tr) , Tp_, =( EPUSTPIINY

A=diag(A. 4. 4,) .
and 4 24, 2.2, >0are

)i
(1.71,.) XX(T.,T, ) =A= ( O J
).
)

A, =diag (A4, 4,....4.) . A, =diag (/1 A

T+ 20"

A

D

the eigenvalues of X X . Note that Z = XT = (ZI’ZZ’ 4 ) (Z Z,_ )is the nX p matrix

of the principal components, where Z; = Xl‘i is the " principal component. When Zp_r contains

principal components corresponding to near zero eigenvalues, Z can be separated as
Zr and Z where Z por is to be deleted. Now we can rewrite the model (2.14) as

p-r’
y=XIT'B=XTTS+XT, T B+e=Z o +Z, 0o,  +&. (2.15)
By omitting Z_, the OLSE of &, is obtained, and &, = (Z,Z, )" Z’y . Then PCRE of S is
Bocwe =T (T/ST.) "' T'X% . (2.16)

Now the r-k class estimator proposed by [1] and the r-d class estimator proposed by [3] are
defined as
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B (rk) =T (T/XXT +kI,)" T'XY 2.17)
and

B (r.d)=T (T'XXT,+kI,)" (T/X5+dT/B) 2.18)
respectively.

Followed by [17], the r-k class estimator and the r-d class estimator could be rewritten as
follows:

N

B, (r.k)=TTB(k)=TTW,f=R} 2.19)

and

N

B, (r.d)=TTB(d)=TTF,B=H,p 2.20)

respectively, where ,B(k) =WkB, ,B(d) = Fd,B,Wk Z(I+kS_1 )_1 for
k>0.F,=(S+1)" (S+dl)for 0<d <1, R, =TTW, andH, =TT'F,

N

Note that when ¥ = p we may conclude that 7.7 = I ,- Hence the estimators B (r, k ) =W,/

called as RE and Brd (r, d) = FdB named as LE.

The mean square error matrices of ,Brk (r, k ) and ,Brd (r, d ) can be obtained as

MSEI:Brk (V,k)} =6’R SR +(R —1) BB (R 1) 221)
and

MSE| B, (r.d)|=0"H,S"H; +(H,~1) 6 (H,~1) 222)
respectively.

[2] proposed a new stochastic restricted r-k class estimator which is defined by combing the ME
and r-k class estimator and a new stochastic restricted r-d class estimator which is defined by
combing the ME and r-d class estimator as follows:

ﬁASRrk (r’k) = 7;7;’3(1() = ’I;Y;Wkﬁm = RkBm (223)

and
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Bswa (r,d)=TT/3(d) =T,T/F, B, = H,5, (2.24)
respectively.

When ¥ = p, the estimator BSRrk (r.k)= W,(,[fm called as SMRE and BSer (r.d)= Fd,gm
named as SRLE.

The mean square error matrices of ,BSRN( (r, k) and :Bsm d (r, d) can be derived as

MSE| By (r.k) | = 0°R,S™ R~ 0’ R,GR,
, (2.25)
+[(R-1)B+RHS|[ (R, ~1)B+RHS]

and

MSE [ B (7 d)} =0’H,S"'H,-0°H,GH
. (226)
+[(H,-1)B+H,HS|[(H,~1)+H,HS |

respectively.
3 Proposed Estimators

[16] proposed the Preliminary Test Stochastic Restricted Liu Estimator (PTSRLE) by combining
the LE and SRLE as follows:

BPTSRLE (d) = Fdlgml[of @) (F) + FdBI[EM,,, (@)) (F) = Fd:BOSPE 3.1

m,n—p

Following [16], we may write the Preliminary Test Stochastic Mixed Ridge Estimator (PTSMRE)
by combining RE and SMRE as follows:

A

BPTSMRE (k) = Wkﬁml[o,gnw(m) (F) +WkﬁI[F

e (@).0) (F) =W, Lospr (3.2)
Following [16], we propose a new Preliminary Test stochastic restricted r-k class estimator
(PTSRrk) which is defined by combing the r-k class estimator and stochastic restricted r-k class
estimator and a new Preliminary Test stochastic restricted r-d class estimator (PTSRrd) which is
defined by combing the r-d class estimator and stochastic restricted r-d class estimator as
follows:
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BPTSRrk (k) =R, |:3mI[O,Fm‘,,p(a)) (F) + ﬁl[ﬁnw(m,m) (F)} = RkﬁOSPE’ (3:3)

and

N

IBPTSer (d) =H, |:Bml[0,pm‘” @) (F) +5 I[Fm,,,,p(a)#‘) (F):| = Hd:gOSPE (34)

respectively.

Now we will see some properties of proposed estimators.

1. Whenr=p, we may conclude that BPTSRrk (k ) = ,BPTSMRE (k ) and
IBPTSer (d) = BPTSRLE (d) :

2. Whenr=p, k=0andd =1, we may conclude that BPTSRrk (k) = BPTSM (d) = ,BOSPE .

3. Whena=0, we may conclude that ,BPTSRrk (k ) = BSRrk (r, k ) and
BPTSer (d) = BSer (r,d) :

4. When & =1, we may conclude that BPTSRrk (k) = ,Brk (r, k) and BPTSM (d) = ,Brd (r,d) )

By using (2.11), (2.12) and (2.13), the expectation vector, bias vector, dispersion matrix, and the

mean square error matrix of ,BPTSRrk (k ) can be shown as follows:

E[BPTSRrk (k)} = RkE(ﬁAOSPE) =R f+h, (2)RkH6 ] (3.5
B[ﬁpmerk (k)] = E[BPTSRrk (k)] -B=(R.—1)B+h;(2)RHOI, (3.6)
D I:,BPTSRrk (k):' =R.D (IBOSPE )Rl: 37
=0°R SR, ~0%h, (2) R.GR, +[ 2h, (2)~h, (4) -1} (2) [R HGSHR.
and
MSE I:BPTSRrk (k)} = O-ZRkS_lRIZ - O'zhl(Z)RkGR,:
+[2h,(2)~h, (4)—h; (2) |R HSS HR; (3.8)

+R[(1-R')B+n, (2)HS | (1-R") 1, (2)H5]' R,

respectively.
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Similarly the expectation vector, bias vector, dispersion matrix, and the mean square error matrix

of ,BPTSM (d) can be shown as follows:

E[BPTSer (d):l = HdE(ﬁAOSPE ) = Hdﬁ+ hl (2)HdH5’ (39)
B| Brrsua (d) |[=(H, = 1) B+, (2) H,HS, (3.10)

D[BPTSRM (d)] = O-ZH;S_IH; - O-zhﬁ (2) HdGH;
+[2h,(2)~h, (4) -1 (2) | H,HES H'H),

(3.11)
and
MSE| Byspa (d) | = 0°H,S " H}; = 0°h, (2) H,GH,
+[2h,(2)—~h, (4)-h; (2) |H,HSS HH),
+H,[(1-H;")B+n,(2)HS [ (1-H') f+1, (2) HS | H] .
respectively.

4 Mean Square Error Matrix Comparisons

In this section the Preliminary Test stochastic restricted r-d class estimator will be compared with
r-d class estimator and stochastic restricted r-d class estimator and, the Preliminary Test
stochastic restricted r-k class estimator will be compared with r-k class estimator and stochastic
restricted 7-k class estimator in the mean square error matrix sense. Also Preliminary Test
stochastic restricted r-d class estimator will be compared with Preliminary Test stochastic
restricted -k class estimator.

4.1 Comparison between 3, (r,k)and f,,., (k)
The mean square error matrix difference between BPTSM (k ) and Brk (r,k) is obtained as
MSE [ﬁrk (r, k)] —-MSE I:BPTSRrk (k)] =R, [D + dldl/ o d2d2,] RI: .1

where D = 6°h, (2)G—EHOS'H' . £ =2h, (2)-hy (4)=1; (2). d, = (I -R;") Band
dy=(I1-R)B+hy(2)HS.

Now the following theorem can be stated.
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1 ~
Th 4.1: When A < , the esti k)i i
eorem en 2[2_ hl (2) ; hﬂ (4) _ hﬂ (2)] the estimator ,BPTSRrk ( )1s superior

to Ark (r,k) if and only if d (D+dldl,)71 d,<1.

Proof: The mean square error matrix difference between ,BPTSRrk (k ) and Brk (r,k) is
nonnegative definite matrix if and only if D+d,d;—d,d, 20. To find the conditions that
D+d1d1, —dzd; 20 by using lemma 3 (Appendix), we have to show that that Dis a

nonnegative definite matrix and d,,d, € %(D) , where R (.)denote the column space of the

corresponding matrix.
Note that

"y (2)

D=0"h;(2)G-EHOSH =€ d : G-HOS'H' |=£&D,

2
o°h,(2
where D1=%G—H55'H'.

o'l (2)
S

Note thatG=>0, and the generalized inverse of G isG~ = SR* (RS_IR/+ .Q.)(R/)+ S.

Set Y= ,B=G anda=HJ.

Hence GG HO = HJ . This implies Ho € R (G) . Then according to lemma 1 (Appendix)

’h (2
SHG HO < %() (4.2)

After some straightforward calculations we can easily now show that
Y7 ~— , 1’ -1
SHG HS=5(RS'R+Q) & @3)
By substituting this result to (4.2) we can obtain

S(RS'R+Q) 5 _h(2)
267 T

4.4)

Using (2.10), this inequality can be rewritten as
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A< !
321, ) (81, (2]

4.5)

Then according to lemma 1, D, is a nonnegative definite matrix, and therefore D = ¢ D =20
since £ >0.

Now the Moore Penrose inverse of I) is obtained by using lemma 2 (Appendix), and is given by

DJr ZZ;X G++ 2 é: 1/~ + G+H§5,H’G+ . (46)
o’h, (2) c’h, (2)-ESHG ' HS

After some straightforward calculations we can show that
SHG'HS=20"2. (4.7)

Using (4.6) and (4.7) we can easily prove that DD* = [ ,» Where 1 , is an identity matrix with
order (pX p). This implies that DD*d, =d, and DD"d, = d, . Then we have d, € R(D)

and d,€ R(D). To establish condition (a) in the lemma 3, we find f, =d/D7d; for
i=1,2,j=1,2 suchthat

fu=B(1-R") D" (1-R") A

s

for=| (1-R) By (2)H5J, D[ (1-R;") B+h, (2)HS |

and

he=B(1-R}) D [(1-R") 1y (2) HE|

Note that, instead of D~ , the Moore Penrose inverse D of D is used, since f,; is invariant to

)

the choice of D™ .

Now according to lemma 3 in appendix, MSE [Brk (r,k)]—MSE [lgprsmk (k)] 2> (Qif and
only if
(d/D*d, +1)(d;D*d,—1)<(d/D;d,)

2
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4.2 Comparison between /3, (r,k) and /3, (k)

The mean square error matrix difference between BPTSM (k) and :Bsm (r,k) is obtained as
MSE |:BPTSRrk (k)] —MSE |:ﬁASRrk (k)] =D, + dsd; - d4d; (4.8)

Where D, =0~ [l—hl (2)]RkGR; +ERHOOHR,, dy=(R,—1)B+h,(2)RHS

and d, =(Rk —I)ﬂ+RkH5.

Now we can state the following theorem.

Theorem 4.2: The estimator :Bsmk (r.k)is superior to ,BPTSM (k)if and only

’ ’ _l
iftd, (D, +dd;) d,<1.
Proof: First we consider the matrix

D,=0"[1-h,(2)|R.GR; + &R HSSHR,

The matrix D2 can be rewritten as D2 = Rk M ’ R,: s where
M, =0"[1-hy(2)]G+EHSS'H’ . The matix 6 [1-h, (2)]G is nonnegative definite
matrix since G =20 and0< h, (2) <1, and the matrix £H 86 H’ is positive definite matrix
since HOO'H' is positive definite matrix and & > 0. Therefore the matrix M, is positive
definite matrix, which leads the matrix D, is positive definite matrix since R, >0. Now
according to lemma 4 (Appendix), the matrix D), +d3d3/ —d4d; >0 if and only if

d, (D, +dd})" d, <1.This completes the proof.

4.3 Comparison between /3, (r,d) and f,,,, (d)

The mean square error matrix difference between [,y (@) and ., (r,d) is obtained as
MSE| B, (r,d) |~ MSE[ Byrs (d) = H, (D +bb~b,b; ) H; (4.9)

where, b, =(I—H;1)ﬁ and b, =(1—H;1)ﬁ+hl(2)H5.
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1 -
Th 4.3: When A< , the esti d) i
eorem en 2[2_111 (2)”% (4)_1% (2)] the estimator ,BPTSM ( ) 18

superior to Bd (r, d) if and only if b, (D + blbl/)_l b, <1.

T

Proof: The mean square error difference between ,BPTSRr ,(d) and ,E,d (r,d) is nonnegative
definite matrix if and only if D+b1bl/ —bzb; >0. We have already proved that D >0
and DD =1 , - Therefore DD+b1 =b, and DDV)2 =b,, which implies thatb,,b, € R (D) .
Now according to lemma 3, D +blb1/ - bzbg 2> 0if and only

2
if(bl’D+b1 + l) (b;Der2 — l) < (bl’bez) . This completes the proof.
4.4 Comparison between S, (r,d)and B, (d)

The mean square error matrix difference between ,BPTSM (d ) and BSer (r, d ) is obtained as
MSEI:BPTSer (d):| —MSE |:ﬁASer (d):| =B+ b3b; - b4b; (4.10)

where B, = 0 [ 1-h, (2) |H ,GH, + EH ,HSS H'H, .b, = (H, ~1) B +h, (2) H,HS

and b, =(Hd —I)ﬂ+HdH5.

Now the following theorem can be stated.

Theorem 4.4: The estimator ,ESer(r,d ) is superior to BPTSM (d) if and only
ith) (B, +bpb,) b, <1.

Proof: The matrix B, can be rewritten as B, = H M ,H :1 . We have already proved that M, is

positive definite matrix. Therefore the matrix B, is positive definite matrix since H ; > 0. Now

’ ’ , -1
according to lemma 1, the matrix B, +b;b; —b,b, 20 if and only if b, (B +b3b3) b, <1.
This completes the proof.

4.5 Comparison between /3., (d) and S, (k)

The mean square error matrix between ,BPTSM (d ) and ,BPTSRrk (k) is given as
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MSEI:ﬁPTSRrk (k)J - MSE I:BPTSer (d):| =0+ d3d3/ —b3b; (4.11)

where 9=R M R, —H,M H, andM  =0’S™" —c’h, (2)G+EHSSH' .

’ s 1
Theorem 4.5: When maximum eigenvalues of (H JM.H, ) (RkM ka) is less than one, the

estimator BPTSM (d)is superior to ,BPTSRrk (k) if and only if b; (19+ d3d3, )71 b, <I.

Proof: First we consider M =07°S™' —0’h, (2)G+&HOS'H  Note that
0’8" —0°h,(2)G 207 (57 ~G) since 0< Ry (2) <1. But

S'-G=(S+RQ'R) " 0.

Therefore 0°S™' —0°h;(2)G 20. Since 6°S™' —0°h, (2)G=0and EHSSH >0, the
matrix M >0. Therefore H,M H, and R,M R, are positive definite matrices since
H,>0 and R >0  respectively. So that, according to lemma 3,
O=RM R —-H,M H,>0 if and only if maximum eigenvalues of

’ 7\ 1
(H M H, )(RkM ka) is less than one. Applying lemma 4, we can easily prove that the

estimator,BPTSer (d) is superior to BPTSR,k (k) if and only if b;(+d,d, )_l b, <1. This

completes the proof.

Note: In the above theorem, when & =0 and & =1, we can obtain the superiority conditions of
the Stochastic Restricted r-k class estimator over the Stochastic Restricted r-d class estimator, and
the superiority conditions of the r-k class estimator over the r-d class estimator respectively.

5 Illustration of Theoretical Results

5.1 Numerical Example

To illustrate our theoretical results in this section we consider the data set which was discussed in
[18] and later considered by [10,19,20,21,22,23]. Table 5.1 gives Total National Research and
Development Expenditures-as a Percent of Gross National Product by Country: 1972-1986. It
represents the relationship between the dependent variable Y the percentage spent by the United

States and the dependent variables X, X,, X, and X, . The variable X, represents the percent spent
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by France, X, that spent by West Germany, X, that spent by Japan, and X, that spent by the
former Soviet Union.

Table 5.1 Total national research and development expenditures-as a percent of gross
national product by country: 1972-1986

Year y X, X, X, X,
1972 2.3 1.9 2.2 1.9 3.7
1975 2.2 1.8 2.2 2.0 3.8
1979 2.2 1.8 24 2.1 3.6
1980 2.3 1.8 24 2.2 3.8
1981 2.4 2.0 2.5 2.3 3.8
1982 2.5 2.1 2.6 2.4 3.7
1983 2.6 2.1 2.6 2.6 3.8
1984 2.6 2.2 2.6 2.6 4.0
1985 2.7 23 2.8 2.8 3.7
1986 2.7 2.3 2.7 2.8 3.8

We assemble the data in the matrix form as follows:

1.9 22 19 37 23
1.8 22 20 3.8 2.2
1.8 24 21 3.6 2.2
1.8 24 22 38 23
¥ 20 25 23 38 ye 24
21 26 24 37 25
21 26 26 38 2.6
22 26 26 4.0 2.6
23 28 28 3.7 2.7
23 27 28 3.8 2.7

s

The four column of the 10X 4 matrix X comprise the data on X, X,,X; and X, respectively,
and yis  the  response variable. Note  that the  eigen values of
S are 4, =302.9626, 4, =0.7283, A, =0.0447and A, =0.0345 and the condition

number of X is approximately 8781.53. This implies the existence of multicollinearity in the
data set. The OLSE is given by
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Bose =S~ X =(0.6455,0.0896,0.1436,0.1526)
with MSE(B,5. 8)=0.0808 and 6 =0.0015.

Consider the following stochastic restrictions

r=RB+8+v where R=(1,-2,-2,-2) ,7 =l and v ~ N (0,6 =0.0015).

We select the significance level @ = 0.05 . Following [24] we choose the number of the principal

components ¥ = 3. Fig. 1, Fig. 2 and Fig. 3 are obtained by using the equations (2.21), (2.22),

(2.25), (2.26), (3.8) and (3.12) for different shrinkage parameters d and k values selected from the
interval (0, 1).

0.25

=
(%]
1

0.15

005 -

Estimated SMSE value

0.1

0.2

0.3

0.4

= 0.5
0.6

i

0.8

{125

Fig. 1. Estimated SMSE value of rk, SRrk and PTSRrk
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Fig. 3. Estimated SMSE value of PTSRrk and PTSRrd

From Fig. 1, when k is small the PTSRrk has the smallest SMSE than stochastic restricted r-k
class estimator. When k is large, the PTSRrk has the smallest SMSE than r-k class estimator. From
Fig. 2, when d is small the PTSRrd has the smallest SMSE than r-d class estimator. When d is
large, the PTSRrd has the smallest SMSE than stochastic restricted r-d class estimator. From Fig.
3, when d/k is small, the PTSRrk has the smallest SMSE than PTSRrd, the situation is reversed
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when d/k is large. From Fig. 1, Fig. 2 and Fig. 3, we can say that no estimator is always superior to
other estimators.

5.2 Simulation Study

To illustrate the statistical behavior of our proposed estimators, we perform a Monte Carlo
Simulation study by considering different levels of multicollinearity. Following [25] we generate
explanatory variables as follows:

2\1/2 . .
X; = (l—p ) Z;tPZ s 1=12,0n, j=12,.., p,
where Z; is an independent standard normal pseudo random number, and pis specified so that

the theoretical correlation between any two explanatory variables is given by p2 . A dependent
variable is generated by using the equation.

Y = Bxy + Byxy + fixs + B, + €, i=1,2,...n,
where &; is a normal pseudo random number with mean zero and variance O'l.z. [26] have noted

that if the MSE is a function of & and [, and if the explanatory variables are fixed, then subject
to the constraint /8 =1, the MSE is minimized when [ is the normalized eigenvector
corresponding to the largest eigenvalue of the XX matrix. In this study we choose the
normalized eigenvector corresponding to the largest eigenvalue of XX as the coefficient
vector ﬂ ,n=50 , p= 4 ando? =1. Two different sets of correlations are considered by

selecting the values as p = (0.8 0.8 and 0.9, and the significance level is taken as & = 0.05. Fig.

4, Fig. 5, Fig. 6, Fig. 7, Fig. 8 and Fig. 9 are obtained by using the equations (2.21), (2.22), (2.25),
(2.26), (3.8) and (3.12) for different shrinkage parameters d and k values selected from the interval
O, 1).
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Fig. 4. Estimated SMSE value of rk, SRrk Fig. 5. Estimated SMSE value of rk, SRrk
and PTSRrk for p =0.8 and PTSRrk for p =0.9
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Fig. 8. Estimated SMSE value of PTSRrk Fig. 9. Estimated SMSE value of PTSRrk
and PTSRrd for p =0.8 and PTSRrd for p =0.9

Based on Fig. 4, r-k class estimator and PTSRrk have smallest SMSE than stochastic restricted r-k
class estimator. According to Fig.5, there is no big difference in the SMSE except k=0. From
Fig.6 and Fig.7, we can say that, when d is large the estimator r-d class estimator has the smallest
SMSE than PTSRrd. From Fig.8 and Fig.9 we can notice that when d or k is small, the PTSRrk
has the smallest SMSE than PTSRrd, the situation is reversed when d or k is large.

Remark: [27] proposed the Generalized Preliminary Test Stochastic Restricted Estimator
(GPTSRE) as follows:

5GPTSRE = A(j)BmI[o Fm,n—p(‘)‘)) (F) + A(/)ﬁ I[Fm,,,,p(ﬂl),w) (F) = A(f)ﬁOSPE

s

where A( ;)18 a positive definite matrix.

Note that when A( n= R, . ﬁGPTSRE gives the Preliminary Test stochastic restricted r-k class

estimator (PTSRrk), and when A( n= H 4 » it gives the Preliminary Test stochastic restricted r-d
class estimator (PTSRrd).
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6 Conclusion

In this study, we propose a new Preliminary Test stochastic restricted r-k class estimator which is
defined by combing the r-k class estimator and stochastic restricted -k class estimator and a new
Preliminary Test stochastic restricted r-d class estimator which is defined by combing the r-d
class estimator and stochastic restricted r-d class estimator. Further the proposed estimators are
compared with some biased estimators in the mean square error matrix sense. Also Preliminary
Test stochastic restricted r-d class estimator is compared with Preliminary Test stochastic
restricted -k class estimator. Finally a numerical example and a Monte Carlo simulation study are
done to illustrate the theoretical findings of the proposed estimators. Based on the theoretical
findings and numerical illustration, we can conclude that no estimator is always superior to other
estimators.

Acknowledgements

The authors are grateful to the anonymous referees and the Editor for their valuable comments and
suggestions which helped to improve the quality of the article. We also thank the Postgraduate
Institute of Science, University of Peradeniya, Sri Lanka for providing all facilities to do this
research.

Competing Interests
Authors have declared that no competing interests exist.

References

[1] Baye RM, Parker FD. Combining ridge and principal component regression: A money
demand illustration. Communications in Statistics-Theory and Methods. 1984;13(02):197—
205.

[2]  Wu JB. On the Stochastic Restricted -k Class Estimator and Stochastic Restricted r-d
Class Estimator in Linear Regression Model. Journal of Applied Mathematics. Article ID
173836. 2014;6.

[3] Kagciranlar S, Sakallioglu S. Combining the Liu estimator and the principal component
regression  estimator. Communications in  Statistics-Theory and  Methods.

2001;30(12):2699-2705.

[4]  Massy F. Principal components regression in exploratory statistical research. Journal of the
American Statistical Association. 1965;60(309):234-266.

[51 Hoerl AE, Kennard RW. Ridge regression: Biased estimation for nonorthogonal problems.
Technometrics. 1970;12(01):55-67.

[6] Liu K. A new class of biased estimate in linear regression. Communications in Statistics-
Theory and Methods. 1993;22(02): 393-402.

223



Arumairajan and Wijekoon; BIMCS, 5(2): 204-227, 2015; Article no.BJIMCS.2015.015

(7]

(8]

(9]

(10]

[11]

(12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

(20]

[21]

Singh B, Chaubey YP, Dwivedi TD. An almost unbiased ridge estimator. Sankhya: The
Indian Journal of Statistics B. 1986;48(03):342-346.

Akdeniz F, Kaciranlar S. On the almost unbiased generalized Liu estimator and unbiased
estimation of the bias and MSE. Communications in Statistics - Theory and Methods.
1995;24(07):1789-1797.

Theil. H, Goldberger AS. On pure and mixed estimation in Economics. International
Economic Review. 1961;2(01):65-77.

Li Y, Yang H. A new stochastic mixed ridge estimator in linear regression. Statistical
Papers. 2010;51(02):315-323.

Hubert MH, Wijekoon P. Improvement of the Liu estimator in linear regression model.
Statistical Papers. 2006;47(03):471-479.

Wu JB, Yang H. On the stochastic restricted almost unbiased estimators in linear regression
model. Communication in Statistics- Simulation and Computation. 2014;43(02):428-440.

Bancroft A. On biases in estimation due to use of preliminary tests of significance. Annals
of Mathematical Statistics. 1944;15(02):190-204.

Judge G, Bock E. The statistical implications of pre-test and stein-rule estimators in
econometrics, North Holland, New York; 1978.

Wijekoon P. Mixed estimation and preliminary test estimation in the linear regression
model. Ph.D. Thesis, University of Dortmund; 1990.

Arumairajan S, Wijekoon P. Improvement of the preliminary test estimator when stochastic
restrictions are available in linear regression model. Open Journal of Statistics.
2013;3(04):283-292.

Xu WIJ, Yang H. On the restricted r-k class estimator and the restricted r-d class estimator
in linear regression. Journal of Statistical Computation and Simulation. 2011;81(06):679—
691.

Gruber MHIJ. Improving efficiency by shrinkage: the James-Stein and ridge regression
estimators. Dekker, Inc., New York; 1998.

Akdeniz F, Erol H. Mean squared error matrix comparisons of some biased estimators in
linear regression. Communication in Statistics - Theory and Methods. 2003;32(12):2389—
2413.

Alheety MI, Kibria BMG. Modified Liu-type estimator based on (r— k) class estimator.
Communications in Statistics-Theory and Methods. 2013;42(02):304-319.

Toker S, Kaciranlar S. On the performance of two parameter ridge estimator under the

mean square error criterion. Applied Mathematics and Computation. 2013;219(09):4718-
4728.

224



Arumairajan and Wijekoon; BIMCS, 5(2): 204-227, 2015; Article no.BJIMCS.2015.015

(22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

Wu JB. On the performance of principal component Liu-type estimator under the mean
square error criterion. Journal of Applied Mathematics. Article ID 858794. 2013;7.

Wu JB, Yang H. Two stochastic restricted principal components regression estimator in
linear regression. Communications in Statistics-Theory and Methods. 2013;42(20):3793-
3804.

Chang X, Yang H. Combining two-parameter and principal component regression
estimators. Statistical Papers. 2012;53(03):549-562.

McDonald C, Galarneau A. A Monte Carlo evaluation of some ridge-type estimators.
Journal of American Statistical Association. 1975:70(350):407-416.

Newhouse JP, Oman SD. An evaluation of ridge estimators. Rand Report. 1971;716:1-28.
Arumairajan S, Wijekoon P. Generalized preliminary test stochastic restricted estimator in
the linear regression model. Communication in Statistics - Theory and Methods. 2014: (In

Press).

Baksalary JK, Kala R. Partial orderings between matrices one of which is of rank one.
Bulletin of the Polish Academy of Science, Mathematics. 1983;31: 5-7.

Trenkler G. Mean Square error matrix comparisons of estimators in linear regression.
Communication in Statistics A. 1985;14:2495-2509.

Baksalary JK, Trenkler G. Nonnegative and positive definiteness of matrices modified by
two matrices of rank one. Linear Algebra and its Applications.1991;151:169-184.

Trenkler G, Toutenburg H. Mean square error matrix comparisons between biased
estimators-an overview of recent results. Statistical Papers. 1990;31(01);165-179.

Wang SG, et al. Matrix inequalities, ond Edition, Chinese Science Press, Beijing; 2006.

225



Arumairajan and Wijekoon; BIMCS, 5(2): 204-227, 2015; Article no.BJIMCS.2015.015

APPENDIX

Lemma 1: [28]
Suppose Bis a symmetric real (72X n) matrix, ais an (nX1) real vector and ¥is a positive
real number. Then the following two properties are equivalent

a) yB- aa’is nonnegative definite (n.n.d)

b) Bisnnd, ae R(B)and aB a<y.
Lemma 2: [29]

Let A be a symmetric (72X 1) matrix, and letd , d, , and @, be (nX1) vectors. Suppose that

a) ae€ R(A).and the real numbers ¢and  satisty ¢ # 0andP+Wa’A"a#0. Then

we have the identity

N 1 + 4 + A+
A+ =—|A"———A"adA
[pa+yac] A pryana }

b) a;€ %(A) ,j=1,2 , and the real number p satisfies 1+,0al/A+al # (0. Then we
have a, € R(A+ paa)).
Lemma 3: [30]

Let C be a nonnegative definite matrix and ¢, , ¢, be linearly independent vectors. Furthermore

for some generalized inverse C~ of C , let fl.j = ci'C*cj; i=12,j=12 andlet

U =CCYU-CC ),
c/(I-CCH(I-CC )

where ¢, € R(C) and R(.) denote the column space of the corresponding matrix. Then we
have C +c,c; —c,c, >0 if and only if

a) ¢, €RC),c,e R(C)and (f,, +D(fo, =D £ or
b) ¢ & R(C),c,e R(C,c,) and (¢, —s¢,)C (c, —s¢,) <1—s

and all expressions in (a) and (b) are independent of the choice of C ™.
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Lemma 4: [31]

Let B3 and [3, be two linear estimator of 4. Suppose that D = D(,Bl)—D(,BZ) is positive
definite  then A =MSE(B)—~MSE(f,)is nonnegative definite if and only
itb, (D + blbl/)_lb2 <1, where D; denotes the bias vector of ,Ej ,j=12.

Lemma 5: [32]

Let nXn matricesM >0, N >0 (or N >20), thenM > N if and only if&(NM71)<l.

where 4, (NM - ) is the largest eigenvalue of the matrix NM ~" .
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