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Abstract

In this paper we define the k-restrictly norm constant r (A) of a matrix A to be used in compressed
sensing and give better error estimations on recovering compressive signals with noise using the
matrix A = ﬁ. Furthermore, we define the notion of k-restricted invertibility of A, which is
equivalent to that A = A/ri,(A) obeys the RIP of order k. And by using the Q. Mo and S. Li
idea and T. Cai and A. Zhang idea, we establish the sufficient condition for the restricted isometry
constant 6, (k > s) of A under the assumption that A is k-restrictly invertible. In particular, if
ds < 0.5 and b2, < 0.828, then an unknown compressive signal with noise can be recovered.

Keywords: Compressed sensing, Restricted norm constants, Restricted invertible, Restricted isometry
constants, Restricted isometry property, Sparse approximation, Sparse signal recovery.

1 Introduction

This paper introduces the theory of compressed sensing(CS). For a signal « € R", let ||z|. be {1
norm of x and ||z||2 be I> norm of x. Let « be a sparse or nearly sparse vector. Compressed sensing
aims to recover high-dimensional signal (for example: images signal, voice signal, code signal...etc.)
from only a few samples or linear measurements. Formally, one considers the following model:

y=Aw+ z, (1.1)

where A is a m x n matrix(m < n) and z is an unknown noise term.
Our goal is to reconstruct an unknown signal  based on A and y are given. Then we consider
reconstructing = as the solution «* to the optimization problem

min ||x|l1, subject to ||y — Az|2 <e, (1.2)
x
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where ¢ is an upper bound on the the size of the noisy contribution.
In fact, a crucial issue is to research good conditions under which the inequality

e — 2" [l2 < Coll — @n [ + Cae, (1.3)

for some suitable constants Cy and Ci, where Ty is any location of {1,2,--- ,n} with number |Tp|
of elements of Ty and x1, is the restriction of @ to indices in To. One of the most generally known
condition for CS theory is the restricted isometry property(RIP) introduced by (1). When we discuss
our proposed results, it is an important notion. The RIP needs that the subsets of columns of A for all
locations in {1, 2, --- ,n} behave nearly orthonormal system. In detail, a matrix A satisfies the RIP of
order s if there exists a constant § with 0 < § < 1 such that

(1 =d)all < [|Aal3 < (1 +d)|lal3 (1.4)

for all s-sparse vectors a. A vector is said to be an s-sparse vector if it has at most s nonzero entries.
The minimum § satisfying the above restrictions is said to be the restricted isometry constant and is
denoted by §;.

Many researchers has been shown that I; optimization can recover an unknown signal in noiseless
case and noisy case under various sufficient conditions on §s or d2s when A obeys the RIP. For
example, E.J. Candes and T. Tao have proved that if §2s < +/2 — 1, then an unknown signal can be
recovered (1). Later, S. Foucart and M. Lai have improved the bound to d2s < 0.4531 (2). Others,
d2s < 0.4652 is used by (3), d2s < 0.4721 for cases such that s is a multiple of 4 or s is very large by (4),
d2s < 0.4734 for the case such that s is very large by (3) and §, < 0.307 by (4). In a resent paper, Q.
Mo and S. Li have improved the sufficient condition to d2s < 0.4931 for general case and 25 < 0.6569
for the special case such that n < 4s (5). T. Cai and A. Zhang have improved the sufficient condition
to ds < 0.333 for general case. (6). T. Cai and A. Zhang have improved the sufficient condition to Jx
in case of k > %s in particular 25 < 0.707. (7). H. Inoue has defined the notion of weak RIP that
weakened the notion of RIP and evaluated the solution of CS under the assumption of only the weak
RIP. (8). H. Inoue has evaluated the solution of CS without the condition of RIP. (9).

In this paper we define the k-restricted norm constant r;(A) (simply, r) by

ri(A) = max{[|Az[l; T C{1,2,---,n}, |T| =k},

where Ar is the m x |T| matrix composed of these columns for T" and || - || is operator norm and
research good conditions under which the inequality (1.3) holds by considering the following equality
(1.5) instead of (1.1):

g=Ax+ 2 (1.5)

where g = X, A= 2 and z = 2. Since {a € R"; ||y — Aa|2 <e} = {a € R";[|§ — Aa|2 < =},
it follows that the solution * to the optimization problem (1.1) is the same as that to (1.5). When
A is a matrix with uniformly bounded entries, that is, |a;j| < 1foreach1 <i <mand1 < j < n,
rk(A) < y/ms. In particular, if A is the DFT matrix with entries:

ajp=e P 0<jt<n—1,

then r4(A) < min (m, \/ﬁ) We also need the notion of restricted invertibility of A. The matrix A

is called k-restrictly invertible if (A*TAT)% is invertible for any subset T" of {1,2,--- ,n} with |T'| = k.(
if and only if A7 is an injection for any subset T of {1, 2, - --n} with |T| = k if and only if the column
vectors {a;; i € T} of A is independent for any T of {1,2,--- ,n} with |T| = k.) It is shown in
Lemma 2.1 that A is k-restrictly invertible if and only if A = 7 obey the RIP of order k and ri.(A) < 1.
Hence we can make use of results for RIP and in particular, the Candes idea, the Cai et al. idea
and the Mo and Li idea. The first main propose is to show that if A is s-restrictly invertible and
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i < 5
invertible and the restricted isometry constant bas < 0.661, then inequality (1.3) holds. The second is
to obtain the better sufficient conditions of 4, < 0.5 and d2s < 0.828 by using the results of [(6),(7)].

Our analysis is very simple and elementary. We introduce the proposed results using the E.J.
Candes idea, the T. Cai et al. idea, the Q. Mo and S. Li idea and the T. Cai and A. Zhang idea. We
regard Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem 3.5 as the main results in this paper.
Otherwise, in Section 2, we prepare some notions and lemmas to prove main theorems. In Section
3, we introduce new bounds of §, and 6, (k > s).

~ 0.472, where 4, is the restricted isometry constant for A = 2, and if A is 2s-restrictly

2 Preliminaries and Some Lemmas
In this section, we prepare some lemmas needed for the proofs of Theorem 3.1 and Theorem 3.3.

Lemma 2.1. Let k be a natural number with & < n. Then A is k-restrictly invertible if and only if
A= 2 obeys the RIP of order k. If this is true, then

< 1
e FE
and
(1= 3) llal < I 4all3 < llall3,
equivalently

i (1) llall3 < l14al)3 < 2 lal}
for all k-sparse vector a in R", where 4}, is the restricted isometry constant for A and

we = min {H (A% A7) "2 || T C {1,2,--- ,n} with |T| = k} .

Proof. Suppose that A is k-restrictly invertible. Then we have
1

—llall2 < [|Aallz < rxllall:
Wi

for all k-sparse vector a in R™. Hence, rywy > 1 and

1 ~
(1 _ (1 _ ﬁ)) lal2 < | Aall? < |lal}

for all k-sparse vector a, which implies that A obeys the RIP of order k and

o <1-—

(e’ (2.1)

Conversely, suppose that A obeys the RIP of order k. Then, since
(1-8) llall3 < I dall3 < [lall

for all k-sparse vector a, it follows that A is k-restrictly invertible and 6 > 1 — ﬁ which implies

(rew

by (2.1) that 6, = 1 — —L—. This completes the proof.

(rpwg)? "
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Lemma 2.2. Take any ¢t > 1 and positive integers s’, s” such that ts” is an integer. Suppose that A is
(s" + s")-restrictly invertible. Then,

- - 1 -
| < Ad’, Aa" > | < —=5uior]a|l2]la”]2 (22)

2Vt

for any vectors a’,a’’ € R™ with disjoint supports and sparsity ts” and s’, respectively.
y ] pp

Proof. We make use of the square root lifting inequality (10);
1
Ogr 511 < —04r g1, t>1, 2.3
>t \/z , ( )

where 6,, ;- is the k, k’-restricted orthogonality constant. The k, k’-restricted orthogonality constant is
the smallest number that satisfies

| < Ac, Ac' > | < Oy ]2 €|
for all k-sparse vector ¢ and k’-sparse vector ¢’ with disjoint supports. Take arbitrary s’-sparse vector
a’ and s”-sparse vector a’ with disjoint supports. Then we show

~ ~ S / 1
< dd da" > | < 2E 5] a” |z (2.4)

Indeed, it is sufficient to show this inequality without loss of generality in case [|a’|l2 = [la”[2 = 1
Since A obeys the RIP of order (s’ + s”) and ry . (A) < 1, it follows that

4< Ad,Ad" > = ||/~l(a' + a”)||§ — ||14~1(a' — a")Hg
< e’ +a”|l3 = (1—6,)la’ —a”[f3
= 20,44

and

4 < Aa/, Aa” >

A%

(1=36s)lla’ +a"[3 - [la’ - a”|3
= 205441,
which implies that
| < A’ A" > | < S
Hence we have
o s < 500y, (2.5)
By (2.3) and (2.5) we have

| < fla/,AaN > | < 0t51/1s/||a'|\2||a//||2
1
< %95//,51|\a'|\2||a”||2
<

1 =~
Iy S CL, a//
N A lla'll2lla”l2
for all ts”-sparse vector a’ and s’-sparse vector a’’ with disjoint supports.

Lemma 2.3. For any a € R*, we have

lall2 <

@ (max |a;| — min |al|> (2.6)
1<i<k 1<i<k

fllalll
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Proof. The proof of this lemma can be obtained by [(4), Proposition 2.1].

Suppose x is an original signal we need to recover and x* is the solution of CS optimization problem
(1.2). Leth =2* —x and h = (h1,--- , hy). For simplicity, we assume that the index of h is sorted
by |h1| > |h2| > --- > |hn|. Throughout this paper, let Ty be an arbitrary location of {1,2,--- /n}
with |To] = s and let {T%,T%,--- ,T;} be a decomposition of {1,2,--- ,n} with |Ty| = s, |Tk| = ¢’
2<k<l-1)and1l < |T;] =r < s, where |T| is number of elements of T. We consider the
decomposition of h as follows:

th = (h§T1)7h(2T1)7"' ,hng)707"' 70)

hp, = (()’...’()’hgTﬂ’...7hg,TZ)707...70)
hr,_, = (0,---,0, hngfl),.., ’hi,Tl*)’(),... ,0)

h’Tl = (O,“‘O,hng),“‘ 7h1("Tl))'

This is due to the T. Cai et al. idea (4) in case of s = s’. We have the following Lemma 2.4-Lemma
2.10 for the decomposition (hr,, hr,,- - , hr,) of h. By definition of CS optimization (1.2), we have
the following

Lemma 2.4. We have
lhrglls < 2[le — @1, ll1 + 7y |1 (2.7)

Refer to (11) for the proof of Lemma 2.3. T. Cai et al. have obtained a similar result for the location T3 .

Lemma 2.5. For |Ty| = |T1| = s, we have
[hrglly < 2[l@ — @1, [l + ([P, [|1- (2.8)

Proof. Since |T§ NT1| = |To N Tt |, we have ||hr,are |1 < ||hTgnm |1, which implies by (2.7) that

lhrells = lhronrells + [[hrgll — (R nrg |y
< 2z —zxll + [hry [l
+2 (lhzonrelln = hryarg )
< 2z — x|l + oy 1

Lemma 2.6. We have

2
> llhr s < |z — @1 (2

!
i>2

(f + %) b 1 (2.9)

ﬁ

—+

Proof. By using Lemma 2.3, we have

1 Vs ) T;
Ihrills < —=lihrdl + = (1) = 160

3<i<l—1,
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which implies by Lemma 2.4 that

Slhnlle < S e+ ) 2.10)
i>2 i>2
¢ e (5

Similarly we have the following

Lemma 2.7. Let s’ < s. We consider the decomposition T = {77,7Ty'} of Ty with |T{| = s’ and
|TV'| = s”. Then, s' = (1 —t)s, s = ts for some ¢t € (0,1) and

2
Slknll: € ——llz — @1
> s(1—1t)
1 VI—t
+ (o + ) I @.11)
V11—t 4

We put [|hz, (v = pd2,os IRt It = pllhrglli. Then 0 < p < 1and >, s [lhr (i = (1 — p)llhrels.
Then the following Lemma 2.8 is easily shown and Lemma 2.9 is also easily shown by using the
inequality (2.10).

Lemma 2.8. We have

Sl < PO . (2.12)

>3

Proof. This follows from

Solhr s < BT (b
i>3 i>3
1
< Skl > bzl = b |11
i>2
p
= ?(1*p)|‘hTfH%~
Lemma 2.9. We have
3p/4
> b2 < \/i’/ el (2.13)
>3
Proof. By (2.10), we have
!
VIY lhrlle < D llhnl + SR
i>3 i>3
1
< lehn\lﬁzllhn\ll
i>3

3
= (1= 30) sl
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Lemma 2.10. (i) Let s’ < s. Suppose that A is (s + s’)-restrictly invertible. Then,

. 1
I3 ArnlE < 55 (26w p(l-p)

i>3

3 2
o (1 - Zp) ke I3 (2.14)

(ii) Let s > s. Suppose that A is 2s’-restrictly invertible. Then,

IS ARn |3 < =5 (2= 820) p(1 = )

_ 2s’
>3

3 2
+05 (1 - 1p) )Ihre|T. (2.15)

Proof. (i) Since A obeys the RIP of order (s+s') and 5./ (4) < 1, it follows from Lemma 2.2, Lemma
2.7 and Lemma 2.8 that

i>3
= Y lAngf3+2 Y < Ahg, Ahg, >
123 3<i<y<l
dogr
< SlpnlB+2 Y Lkl
>3 3<i<j<l
< 1 SS+S' h 2 Ss-&-s’ h 2
- Z - 2 H Ti||2+ 2 Z” TiHQ
i>3 i>3
823’
+2 Y b lallhy 2
3<i<j<l
- ~ 2
— 63"1‘8/ h 2 6s+s’ h
= (1=757) 2l ls + =5 | Yol
>3 i>3
SerS’ p(1—p) 2
< (1= %) D
Ss+s/ 3 2 2
T (1—113) |hreIY
1 3 \?2
5 N 2
— 5o (=) 19 + i (1= 20) Dl

(2.16)

(i) This is shown similarly to (i).

3 Main results

In this section, we introduce the main results of the sufficient condition of §x(k > s) under the
assumption that A is restrictly invertible.
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3.1 Bound for ¢,

We have established the sufficient condition 5, for CS optimization problem in Theorem 3.1 and
Theorem 3.2.

Theorem 3.1. Assume that A is s-restrictly invertible and §, < —2~ ~ 0.472. Then, the solution =*

2+/5
to (1.2) obeys
|z — 2|2 < Collz — @x, [l1 + Che, (3.1)
where
95 2

= 2v/5s (1 - @55) O rs (1 - \/52+25$> .

Proof. Let {T1,T%,--- ,T;} be a decomposition of {1,2,--- ,n} with |T1| = s, [Tk| = s’ < s(2 < k <
l—1)and 1 < |T;| = r < s'. We consider the decomposition 71 = {77, 77" } of T with |T{| = s’ and
|IT{| = s”. Then, s’ = (1 —t)s and s” = ts for some ¢ € (0,1). Since A = 2 obeys the RIP of order
s=s"+5" = 15", it follows from Lemma 2.2 that

- - 1 - '
| < AthvAth > | < T\/{Lés”th”?HthH% Jj =2,

which implies by r;(A4) < 1 that

(1—=8)lhr, |3 < < Ahr, AR Ahg, >
i>2
< 2||AhT1H2€ + Z| < AhTuAth > ‘
i>2
2
< EEHhT1||2
e i
—~0s ||y ||2 T2 | -
2vt i>2 '
Thus, by Lemma 2.7 and the above inequality, we have
< 2 ds
— Js < = G — _
(I =0d)llhr 2 < et (1_75)t8||iB z1, [l1
1 1 V1I—-t\ <
+ — < + )65\|hT1|\2.
2/t \V1 -1t 4

(3.2)

Here, put f(t) = - (\/% + Vlﬁ). Then, f is increasing when 2 < ¢ < 1 and decreasing when

0<t< 2. Thus, whent= 3, we have

- 2 9 -
(1 =0ds)lhzy (2 < E€+27\/§5s||90*$%”1
5~

FY55, (3:3)

. < 2 ~

so that by assumption §, < T 0.472,
1 2 9 -

h <—— [ —e+ —bs]lx—=x . 3.4
sl < s (2ot pohila - anlh) 8.4)
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Furthermore, it follows from Lemma 2.7 that

3 5
lhrell2 < ; R l2 < ﬁHm —anll + gk 2 (3.5)
which implies by (3.4) that

|z — 2|2 < [lhr |2 + |hrgll2 < Colle — @z, |1 + Che.

This completes the proof.
By using Theorem 3.3 in (6), we obtain a better result than that of Theorem 3.1.
Theorem 3.2. Assume that A is s-restrictly invertible and 5y < % = 0.5. Then, the solution x*
to (1.2) obeys
|z —x||l2 < Dollx — @z, |1 + Due,
where
2 ( 0s(1—265) — (2 — V2)ds + 1)

DO = = ’
(1—=265)4/s
2V2

(1 —26,)rs

Dy =

Proof. Since A is s-restrictly invertible, we have

1
—llallz < ||Aafl2 < rsflaf2
Ws

for all s-sparse vectors a in R”. We here put A = A/ ¥Y-"=2=/"10 (”ws Landé, = E;*;‘j&;z;i Then we have
(1=4s)[all < [|Aali3 < (1 +5s)l\a\lz

for all s-sparse vectors a in R", that is, A obeys the RIP of order s with the restricted isometry
constant §,. Furthermore, by (2.1) we have

= 1 1
% (rsws) 2
which implies
A 2 1
s=1l- s < -
1+ (rsws)? < 3

Considering the following equality (3.6) instead of (1.1):

§=Ax + 2, (3.6)
where § = ¥, A= 7 and 2 = Z (here, ¢ denotes 7V(T\/%”w)2+1) it follows from Theorem 3.3 in (6)
that
2v/2 (285 +4/(1 - 3&)&) +2(1 — 355)
Hm*fa’HZ < Hw_a’Tonl
1 — 34, Vs
20/2(146,) ¢
1-36s 4

D()HCC — ng”l + D1€.
This completes the proof.
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3.2 Bound for j; (s < k)

Using the E.J. Candes decomposition {T1,T>,--- ,Tq} of Ty with |Tx| = s (k = 1,---,q) and

WL > ™) > > T > ™) > ™)) > ..., Q. Mo and S. Li have obtained a new
bound of the isometry constant d25 (5). In Theorem 3.3, using the decomposition {74, 7%, --- ,T;} of
{1,2,--- ,n} stated in Section 2 and taking an arbitrary natural number s’, we have obtained a bound

of the isometry constant ;. (s < k) under the assumption that A is k-restrictly invertible..

Theorem 3.3. (i) Let £s < s’ < s. We assume A is (s + s’)-restrictly invertible and \/—\/;;asysl < 1,
where

\j A2+ 30s4 s — 402, )
(

Qs s/ = = = .
’ 1 —6S+S/)(64—576S+S/)
Then,
|z — x|z < Eollz — @51 + Eie, (3.7)
where
2 (1 + (1 + %C) a)
Ey = ,
\/?(1 — \/fasys/)
22 (14 F + %)
E, =

Tst+s'1/ 1-— SS+S/ (1 — \/Sii‘,asysl)

(ii) Let s' > s. We assume that A is 2s’-restrictly invertible and \/‘/;;as/ < 1, where

4(2 + 3025 — 482,,)
Qg = = = .
(1 — 0247)(64 — 570247)

Then,
[ —x*|l2 < Egllz — @z, |1 + Eie, (3.8)

where

2(1+ (1+ 45) aS/)

Ey, =

’ Vel (l=y/Fag)
22 (14 VF + %)

B =

Tos'V 1-— 525/ (1 — \/gas/) .
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Proof. (i) Let %s < s’ < s. By the definition of RIP and Lemma 2.10, we have

(1= derer) I 11
(1 - 5S+S')||h'T1UTz Hg - (1 - Ss+s/)HhT2”§

< HAthUT2 H% - (1 - Ss+s/)”hT2 Hg
7 T 1— 0,y
< AR =Y Ay B0 2
Jj=3
2 ~
2 't (1 - 63+s’) 2 2
< i l ZAth||2 = P llhrlli
ji=3
4 4 1
< 54 €
Ts+s’ Tsts! 2s’

- - 3 \?
x \/<2_58+S,)p<1_p)+5s+s, (1-30) thrgl

1 < < 3\’
+ g(@ = Osqs)P(1 =) + 0syer [ 1— Zp

=2(1 = 831000 ) IRz .

Since
- - 3 \2
(2 - 5s+s')p(1 - p) + 6s+s’ (]— - 1p>
8(2 - SS+S’)
32 — 258,44
- - 3 \2
2= 8ur (1 = 9) 4 B (1= )
< 8(2 + 30,40 — 462,
_2(1 —5s+s')p2 < ( + + _ s+s )
64 — 570,y
and
8(2 — Ss+s/) < 28(2 + 3Ss+5’ - 4g§+5’)
32 — 250,40 64 — 576, o '
we have

(1= dorsr) Py |I3

21/2 1 |8(2+ 30, S/—45§ o)
V2L T g | |
Ts+ts! 2s 64 — 5765+S/

which implies by Lemma 2.4 that

2v/2 Qs st
[hr, |2 < —c+ > @lle — |1 + [[hay [|1) -
Tsts’ 1-— 6S+S/ S
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B

By the assumption 2 «, ./ < 1, we have

Vs
2v2
lhr |2 < = €
Ts+s'/ 1- 5s+s’ (1 RV fas,s’)
2005 o
+ 22 T —x , 3.9
\/? (1 . \/Sii,as’s/) H TU”l ( )
which implies by Lemma 2.6 that
le—a* 2 < [kl + Y b2
§>2
s s
< (1 SANE L.
< (15422 e
2
+ﬁ\|$ -z
2 (1 + (1 + &) a)
< |z — @l
NZZ (1 — 1/501575/)
22 (143 + 2
n ( : M) €. (3.10)

Ts4s! \/ 1- Ss+s’ (1 - \/Szlas,s’)

(i) This is shown similarly to (i).

We here find the bound of the restricted isometry 4. by the condition /Za. < 1in Theorem 3.2.
Letp = 5;/ > . Then the equality

(57p+16)t° — (121p+12)t +64p—8 =0, 0<t<1 (3.11)

has the unique solution ¢, and the following hold:
When é < p < 1, the condition /5o, < 1in Theorem 3.2, (i) holds if and only if

5(1+p)3 < tp. (312)
When p > 1, the condition /5o < 1in Theorem 3.2, (ii) holds if and only if
d2ps < tp. (3.13)

Putting p = 1 in (3.12), we obtain the following result for bound for b2s.

Corollary 3.4. We assume that A is 2s-restrictly invertible and d2, < 13351357 ~ 0.661. Then,

@ —2"|l2 < Eollz — @x, |1 + Ehe,

where
By - 2(1+%a5)7
Vs(l—a)
E, = V2

2rasV/1 — 025(1 — as)’

o — 9 2 + 382¢ —45%5
s (1 — 625)(64 — 57625) "
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By taking various numbers p, we can obtain some others 5x(k > s). Here we give several bounds of
the isometry constants dy.

Example _

(i) Letp = 2. Then tz =0.551 and so o5, < 0.551.
(i) Let p = §. Then ¢5 = 0.585 and so S%s < 0.585.
(iii) Let p = 5. Then t3 = 0.749 and so d3s < 0.749.
(iv) Let p = 2. Then t2 = 0.8 and so 045 < 0.8.

Using Theorem 2.1 in (7), we have the following
Theorem 3.5. Assume that for any t > 3 A is ts-restrictly invertible and

b < 2/T=1 (Vi—vi=T1). (3.14)
Then, the solution =* to (1.2) obeys

|l —x"|]2 < Follz — ®7,[l1 + Fie,
where

V20 + \/t (\/g(z — Sts) — Sts) bts

o . +1| 2
(5@ - b) —b) Vs
L s DE-h)a )

t (\/g@ — Sts) — Sts) s

Proof. This is proved similarly to Theorem 3.2. Since A is ts-restrictly invertible, A = A/iv(”j;wt:)2+1
obeys the RIP of order ¢s with the restricted isometry constant b5 = (reswes)”—1

= e Then since
dts :1—¥2 <2Vt —1(Vt =Vt —1),
(Ttswts)
it follows that &;, < ./%, which implies by Theorem 2.1 in (7) that
. i1 : s
|| ) m” - \/§5ts+\/t( < *5155) 5ts +1 2 ||m . H
T —Tl2 < " —F |l — X1y |1
t(y/5* ) Ve

+4 20t — 1) (1 +61s) /B,

¢ (\/g - &s) (reswes)? + i

= F0||:I:7mTOH1+F1E.

This completes the proof.

Putting ¢t = 2 in (3.14), we obtain the following result for bound for bas.
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Corollary 3.6. We assume that A is 2s-restrictly invertible and d.s < 2(v/2 — 1) ~ 0.828. Then

& — |2 < Foll® — @[l + Fie,

where
2(v/2 — b2s) + \/(2f —(2+ ﬁ)gzs) 02 9
o= 2v2 — (2 + v/2)d2s Vs
. 8\/2(2—523)(14—523) 1
' 22— (24 V2)dss T2o
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